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Spin-orbit coupling (SOC) drives interesting and non-trivial phenomena in solid-state physics, ranging from
topological to magnetic to transport properties. A thorough study of such phenomena often requires effective
models where the SOC term is explicitly included. However, the estimation of SOC strength for such models
mostly depends on the spectroscopy experiments which can only provide a rough estimate. In this work, we

provide a simple yet effective computational approach to estimate the onsite SOC strength using a combination
of the ab initio and tight-binding calculations. We demonstrate the wider applicability and high sensitivity of
our method by estimating SOC strength of materials with varying SOC strengths and the number of SOC
active ions. As examples, we consider strongly correlated, topological, and semiconducting materials. We
show that the estimated strengths agree well with the proposed values in the literature lending support to
our methodology. This simplistic approach can readily be applied to a wide range of materials.

1. Introduction

The spin—orbit coupling (SOC), a relativistic interaction that couples
electronic spin (.S) and its orbital momentum (L) in an atom, causes
the splitting of electronic terms into multiplets with total angular
momentum J = L + S. Dependence of SOC strength A on the atomic
number Z as ~ Z* make this interaction non-perturbative and cru-
cial in heavier elements for accurate description of their electronic
structure. When these elements are put in a crystal, the situation
becomes complex as other splitting terms like crystal field (CF) take
part in determining the electronic structure of a solid. Nevertheless,
SOC still manifests its vital role in materials in the form of various
interesting physical phenomena. Some of the examples are magnetic
anisotropy [1-3], spin current [4], anomalous Hall effect [5-8] and
the topological properties of materials originating from SOC effects [9-
16]. Most recently, in strongly correlated materials, the interplay of
SOC with other electronic interactions like Coulomb interaction and
crystal fields have given rise to exotic phases like unconventional
superconductivity [17-20] and Kitaev interactions for the realization of
quantum spin liquid state [21,22]. Additionally, in 2D materials such
as transition metal dichalcogenides (TMDCs), SOC effects can be crucial
for possible valleytronic and spintronic applications [23]. Given that
SOC can strongly modify the electronic structure near the Fermi level
resulting in drastic changes in charge carrier mobility and transport
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properties, its implications in the context of device-based applications
are also numerous. Thus, SOC effects are imperative for the electronic
structure modeling of materials in condensed matter physics.

From the computation perspective of materials modeling, SOC ef-
fects can be self-consistently included in highly accurate Density Func-
tional Theory (DFT) based ab initio methods. However, in many cases
such as strongly-correlated materials or large-scale systems, the appli-
cation of DFT becomes infeasible. A workaround in such cases is the
construction of an effective model e.g. tight-binding (TB), multiband
Hubbard-Kanamori [24] or Kane-Mele models [25], which can closely
describe materials properties of interest. Such models have further
advantages like their low computation cost, flexibility to explicitly
include additional interactions, and varying their strengths to examine
the corresponding effects on materials properties. As a specific example,
one can consider the Hamiltonian H = Hyg + Hcp + Hgo + Hyy, where
first, second, third and fourth terms correspond to hoppings, CF, SOC,
and Hubbard-Kanamori interaction terms. This model quite accurately
describes the energy spectrum of spin—orbit coupling excitations ob-
served in Resonant Inelastic X-ray scattering (RIXS) experiments, and
also can be used to estimate the strength of Kitaev magnetic interactions
(originating from SOC effects) in so-called spin-orbit coupling assisted
Mott insulators [26,27]. One can also vary SOC strength A (Hy,, =
> 4L;-S;, i is atomic index) within these models to see its effect on
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the properties of interest in a material. [27]. Available techniques like
constrained random-phase-approximation (cRPA) [28-30] and tight-
binding can estimate the strength of Coulomb interaction U, Hund’s
coupling Jy;, hopping amplitudes ¢ and CF strength A°F [26,27,31].

However, for the estimation of A, one mostly relies on the exper-
iments like low-temperature transport spectroscopy, absorption spec-
troscopy, electroreflectance measurements. Such an estimation of 4, in
many cases, may be erroneous. It is because, firstly, spectral features of
a solid used to estimate A may not be solely emerging from SOC effects
and more often than not influenced by other structural aspects. This can
lead to an “effective” SOC in materials. This is consistent with the fact
that in solids with moderate SOC interaction, the atomistic approach to
determine the strength of SOC cannot be straightforwardly applied. For
example, as shown by one of us [27] that experimental estimation from
SOC-assisted excitations brings 4 = 15 meV for Co*? ions in cobaltates
and yet our computationally estimated value 4 = 65 meV reproduces
experimental features quite well.

Secondly, these structural features (e.g. trigonal or tetragonal distor-
tion of an octahedra) may have large variations in different materials
implying that effective SOC may also significantly vary. However, in
the absence of optical measurements for a particular material, one
often has to choose the value of 4 from a broad range available from
experiments on other materials belonging to similar classes rather than
the material of interest itself. Given that 4 depends on the ionic and spin
state of the corresponding atom in a solid as well as other structural
aspects, such a choice of 4 may be amiss or erroneous. Several attempts
have been made in the past including some very recent ones to validate
and estimate the onsite-SOC interaction in isolated atoms, monoatomic
crystals, and binary compounds [32-35]. However, a general procedure
for the estimation of A which can readily be applied to any material
of interest is still missing. Computationally, ab initio calculations with
Wannierization procedure [31,34] can produce the models that contain
the SOC effect. However, in this case, the obtained Wannier orbitals are
not necessarily the eigenstates of .S, and so, it will be cumbersome to
extract A from such models making their analysis and transferability an
issue.

In this paper, we present a simple yet effective method to obtain
the strength of SOC for any number of atomic species present in a ma-
terial. Our method is based on a combination of ab initio and Wannier
function-based tight-binding models (dubbed TBSOC [36] hereafter).
In this method, we construct a full SOC Hamiltonian defined in the
|£,,s,) basis, which is then used to fit the ab initio band structure where
the SOC effect is self-consistently introduced. SOC strength is then
estimated by fitting the ab initio eigenvalues within our model. After
introducing the methodology, TBSOC is then tested considering various
materials ranging from having weak (3d) to strong (5d) single SOC
active ions. We also consider examples of, a topological material with
two SOC active ions and two semiconductors, Si and GaAs, in which
the strength of SOC significantly differs. The estimated SOC strength
for this broad variety of materials is in close agreement with the values
found in the literature which demonstrate the capability and the wide
applicability of our method. We also show that the choice of the local
coordinate system does not affect the results, and the model obtained
in this form can further be utilized for additional analysis. These results
demonstrate that our TBSOC method offers a direct and convenient way
to estimate the strength of SOC in materials.

2. Methodology

In this section, we first discuss the theoretical background required
for the implementation of TBSOC followed by the methodological
procedure next.
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Table 1
The cubic harmonics basis functions X,,.
¢ Xem
=0 Xoo =1Is) =+/1/4x
X, = ’ﬁy> =/3/4n - y/r
c=1 Xio =|p:) =3/4r - z/r
X, =1p) =/3/4n - x/r
Xy =|dy) =+/15/4x-xy/r?

X, =’dﬂ) = \/15/4z - yz/i*

=2 X, =|dz) =+/5/16x-(322-r?)/r?
X,, =|d.) =+/15/4x xz/r?
X5y =|de_p)=1/15/16x - (x> = y»)/r

2.1. Theoretical background

The TB Hamiltonian for materials can be described in the form as,

Hrp = Z Tia,jﬂcjacjﬂ +c.c. (€D)]
ia,jp

where the T, ;, are the hopping elements (when i # j) or onsite
element (when i = j) between the basis orbitals |ia) and |jg). Here i, j
are the atomic indices and «, f# label the orbital basis functions. These
basis functions can be described in terms of either spherical harmonics
(Y;") or cubic harmonics (X,,) and the two bases are interchangeable
using the following unitary transformations.

i (Yf—\ml _ (_1)me|'"|> m<0

V2

Xy =170 m=0 @
A (yelml o qymylml
ﬁ(yf + (=Y ) m> 0

Above, Z and m are the angular and magnetic quantum number re-
spectively. However, for efficient computational implementation, the
cubic harmonic form of orbital basis functions are often considered,
functional forms of which are listed in Table 1.

The SOC interaction that couples orbital momentum with that of
spin can be accurately approximated by a local “atomic” contribution
of form,

Hee= Y AL~ 5= 4 [izﬁz +
1

(L, S_+1_

%

8] ©

=

L, and S; are the angular and spin momentum operator, and L., S,
are the corresponding raising and lowering operators. Since we are
discussing the onsite operators for each site in the crystal, index i is
drooped in the right hand side of Eq. (3). The operation of orbital
angular momentum operators on the spherical harmonics )" yields,

LY = e + 1) —mim = DY

LY = hmY}".

4

The same is also applicable to spin operators. From Egs. (2)-(4), one
can obtain the SOC Hamiltonian matrix in the Hilbert subspaces for
p and d orbitals considering the basis functions a/f = [p,, p,.p,] and
d.d,,.d,, dyo_p, dy,] respectively. One should note that we have not
considered spin index in the TB Hamiltonian given in Eq. (1) and a full
Hamiltonian H = Hpg+ Hy,. can be constructed as H = T, ® Hg+ H,.,
where T, is the two-dimensional identity matrix and ® is the Kronecker
product. The complete basis then becomes, [p.1, pyts Pyrs Pzys Pxys Pyl
and [d1211 dsz, dsz, dxz_sz, dxyT’ dzzi’ dle, dyzl’ dxz—yzi’ dxyi]' Thusly
constructed Hg,. for p and d orbitals are given in Egs. (5) and (6) in
Box I. Here, 4, and 4, are the SOC strength of atomic p and d orbitals.
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2.2. Implementation

Having obtained the Hgp in previous section, as the next step, we
now describe the complete process for the extraction of SOC strength
in solid state materials. The procedure can be divided into mainly three
sequential steps given below.

1. Non-spin polarized ab initio band structure calculation and its
Wannier based TB Hamiltonian (Hrg).

2. Self-consistently SOC included ab initio band structure calcula-
tion.

3. Obtain the optimized SOC strength A by fitting the band struc-
ture of step 2 with Hamiltonian Hg + Hggc (of Section 2.1).

In step 3, the derivatives free Nelder-Mead optimization algorithm [37,
38] is used for error minimization when fitting the ab initio eigenvalues
to obtain the SOC strength 4.

2.3. Ab initio calculations

In steps 1 and 2 of section Section 2.2, the ab initio band structure
calculations can be performed with any of the available DFT packages
with an interface to Wannier90 [39]. In this paper, we choose Vienna ab
initio simulation package [40] for the calculations. Projector-augmented
wave method [41,42] implemented within VASP (version-5.4.4) with
the generalized-gradient approximation (GGA) within Perdew-Burke—
Ernzerhof framework [43] is used and the energy convergence criteria
in our self-consistent calculations are when the energy difference be-
tween successive steps was better than 107> /unit cell. Details of the
plane wave energy cutoff and k-grid used for specific materials is
provided in their respective sections.

To summarize our proposed methodology, our TBSOC program
takes in a Wannier function based TB model (Hyg) and constructs the
full Hamiltonian ¥ = Hyg + Hg,. by adding the onsite Hy, term.
Starting with a random guess initial value of SOC strength A, we fit
the eigenvalues of SOC included ab initio band structure with H. Error
minimization of the fit then leads to corresponding A for the atomic
species of interest in a material.

3. Applications

Having described the methodology in detail, in this section we show
the application of TBSOC on some transition metal compounds as well
as on a topological and two semiconducting material. The transition
metal compounds considered here are typical examples of magnetic ma-
terials belonging to 3d, 4d and 5d classes, whose SOC strength ranges
from weak to strong. The topological material (TaAs) we consider here
is a typical example of non-magnetic and inversion symmetry broken
Weyl semi-metal. The interesting magnetic or topological properties
originating from SOC in these materials make them suitable candidates
to test our method.

3.1. The case of transition metal compounds

In this section, as case studies, we demonstrate the estimation of
4 in the various transition metal compounds. The choice of materials
here is based on three points. First, keeping in mind that SOC strength
4 depends on the number of valence electrons (the ionic state of the
atom species of interest in a compound). Hence, we choose Na,TeCo, 0O
(Co*2-3d7) and a-RuCly; (Ru*3-4d°) as our example systems. Second,
given a fixed number of valence electrons, 4 changes with atomic
number of species of interest. Hence, we show a comparison between
iso-electronic a-RuCly; (Ru*3-44°) and Na,IrO; (Ir**-54°). Third, our
choice is also based on the drastic variation of the SOC strength in these
materials, which in different cases compete with other interactions likes
the trigonal/tetragonal crystal field splitting. The magnitude of such
splitting in these materials is believed to be in the range 10 meV-
40 meV [44] and the SOC strength A is either comparable or larger
than the range of these splitting in the aforementioned compounds.
This shows the effectiveness of our methodology apart from its diverse
applicability.

As the first example, we showcase the results for a-RuCl;. For the
ab initio calculations, we have considered the experimentally observed
crystal structure with monoclinic space group C/2m [45-47], the crys-
tal structure of which is shown in Fig. 1(a). We used plane wave
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Fig. 1. (a) Crystal structure of a-RuCl;. Light blue and green balls represent Ru and
Cl atoms respectively. a, b and ¢ are the crystallographic axes while x, y and z are
the local octahedral coordinate axes. Edge-shared Ru-Cls octahedrons are evident. (b)
Wannier interpolation of the non-spin polarized ab initio band structure of a-RuCl; to
obtain Hrpg. All the five d orbitals of Ru are considered in the basis. (¢) and (d) show
the fitting of SOC included ab initio band structure with Hy + Hgoc in two cases, with
(TB+L+SOC) and without (TB+SOC) local octahedral coordinate system respectively.
Fermi energy is set to zero.

energy cutoff 500 eV and I'-center k-grid of 6 x 3 X 6 in our DFT
self-consistent calculations. The rest of the calculation details are the
same as described earlier in Section 2.3. The layered structure with
edge-shared Ru-Clg octahedron is evident from this figure. As described
in Section 2, in the first step, we construct a TB Hamiltonian (Hyg)
using Wannier interpolation of the non-spin polarized ab initio band
structure, and the plot is shown in Fig. 1(b). One can see a very good
agreement between the two band structures from this figure. This gives
us the confidence to proceed to the second step in which we calculate
the ab initio band structure with SOC included at the self-consistent
level. We then fit this relativistic band structure with Hpp after adding
the onsite SOC Hy,. term. A plot of this fitting procedure is shown in
Fig. 1(c). We have emphasize here that in both the cases in Fig. 1(b) and
(c) we use the local octahedral coordinate system shown in Fig. 1(a)
to obtain Hyg. It is also possible to obtain the estimate of A is the
global crystallographic coordinate axes and the fitting procedure is
not affected by the choice of coordinate settings. This is evident from
Fig. 1(d) where the Hpp obtained in global coordinates is used for the
fitting. The estimated value of A in both cases is ~ 0.120 eV. This value
of 4, though in close agreement, is slightly larger by 20 meV from
previously experimentally estimated value [48,49]. As explained in the
introduction, underestimation of A from experiments may come from
other structural distortions at play. We emphasize here that further
analysis of the tight-binding model, often required to understand the
electronic properties of the material, is not straightforward when the
global coordinate is used in the honeycomb lattice systems. Hence, we
recommend the use of a local coordinate system in such cases.

In order to demonstrate the sensitivity of our method, following
the same the procedure, we estimate A for two more cases, namely
for Na,TeCo,04 and Na,IrO;. For these two cases, the strength of
SOC varies drastically for Co™? and Ir™* ions. We consider the crystal
structure of Na,TeCo,0¢ with space group P65;22 [50-55] and Na,IrO,
with C2/m [56-58] which are shown in Fig. 2(a) and (c) respectively.
We used plane wave energy cutoff 550 eV and I'-center k-grid of
8 x 8 x 4 for Na,TeCo,04 and 8 x 6 x 8 for Na,IrO; in our DFT self-
consistent calculations. The rest of the calculation details are the same
as described earlier in Section 2.3. The fitting of the SOC included ab
initio band structure in these two materials is shown in Fig. 2(b) and
(d). One can see a very good fitting is obtained in both cases. Estimated
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Fig. 2. (a) and (c) Crystal structure of Na,TeCo,04 and Na,IrO;. The white-blue ball
in (a) represents partial occupancy of the Na sites. a, b and ¢ are the crystallographic
axes. Cyan/green and red balls represent Co/Ir and oxygen atoms respectively. Edge-
shared Co/Ir-O4 octahedrons are evident in (a) and (c). (b) and (d) show the fitting
of SOC included ab initio band structure with a tight binding model after including
onsite spin-orbit coupling term for Na,TeCo,0, and Na,IrO; respectively. All the five
d orbitals are considered in a tight binding basis in both these cases. Fermi energy is
set to zero.

values of A are 0.065 eV for Na,TeCo,04 and 0.380 eV for Na,IrO,
which matches well with the previous experimental estimation [59].

In this section, we have considered examples in which there was
only one spin-orbit coupling-activated transition metal ion present.
However, there can be more than one atomic species in a material with
active spin-orbit coupling interaction. To demonstrate the applicability
of our method in such cases as well, we consider an example of a
topological material, namely TaAs in the next section.

3.2. The case of topological material

TaAs have been theoretically predicted [15] and experimentally
proven to be a topological Weyl semi-metal [60]. Its thoroughly stud-
ied topological properties such as the surface Fermi arcs [15], edge
states [61], surface-bulk connectivity [62], chiral anomaly [63] and
non-linear optical responses [64] are driven by the SOC effects. In TaAs,
which crystallizes in a body-centered-tetragonal structure as shown in
Fig. 3(a) with the non-centrosymmetric space group /4,md, both, the
Ta (d) and As (p) are considered to be SOC-active atoms. Hence, to
describe this system, one needs to construct the full Hamiltonian H as
explained earlier containing both the atoms and their corresponding
SOC active orbitals. The Hygz model in H is again obtained from
non-spin polarized DFT calculation with the Wannier interpolation
procedure considering As-p and Ta-d orbitals in the basis. Plane wave
energy cutoff is set to be 500 eV and I'-center k-grid of 10 x 10 x 4 are
used in the self-consistent DFT calculations. The rest of the calculation
details are the same as described earlier in Section 2.3. Non-spin
polarized ab initio band structure and its Wannier interpolation are
shown in Fig. 3(b). One can see that the Hry in this case also reproduces
well the ab initio band structure.

After adding Hg,, with parameters 4, (for As-p) and 4, (for Ta-
d) to the Hqg forming H, we fit the SOC included ab initio band
structure with H in the next step. The fit is shown in Fig. 3(d). One
can see that the fitting is quite good. This brings 1, = 0.18 eV for
and 4; = 0.21 eV, which is in close agreement with the values for Ta
atoms as reported in Ref. [65]. For lending support to the reliability
of our estimated values of A’s and thusly obtained full Hamiltonian
H, the (001) terminated surface states of TaAs is calculated with this
Hamiltonian using the iterative Green’s function [66]. As shown in
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Fig. 3. (a) The body-centered-tetragonal crystals structure of TaAs. Light blue and
green balls represent Ta and As atoms respectively. a, b and c¢ are the crystallographic
axes. (b) Wannier interpolation of the non-spin polarized ab initio band structure of
TaAs to obtain Hrpy. All the five Ta-d and three As-p orbitals are considered in the
basis. (c) The (001) surface states are calculated using the H Hamiltonian. (d) Fitting
of the SOC included ab initio band structure with H. Fermi energy is set to zero.

Fig. 3(c), a spoon-shaped surface states around the X, and Y points
appear on the surface Brillouin zone. Along I'-X and I'-Y directions,
the Fermi-arc states connect and terminate at the Weyl points, which
agrees well with the reported results from literature [15].

3.3. The case of semiconductors

For the sake of completeness and to further demonstrate the sen-
sitivity of our method, in this section, we consider two examples of
semiconductors GaAs and Si in which SOC strength supposedly varies
significantly. Following the same procedure mentioned in Section 2, the
SOC strength is estimated for these semiconductors.

Both the GaAs and Si crystallize in the diamond-type structure with
the space group F — 43m. The non-spin polarized ab initio calculations
were performed within VASP package and Wannier90 interface to get
the Hg model. The plane-wave energy cutoff is 500 eV and k-grid is
8 x 8 x 8 in the DFT calculation for both two cases. The rest of the
calculation details are the same as described earlier in Section 2.3. Ga
and As p orbitals in GaAs and p orbitals in Si are considered to be the
SOC active orbital in the two cases and hence are considered in our TB
basis.

The non-spin polarized ab initio band structure and its Wannier in-
terpolation are shown in Fig. 4(a) and (c) for GaAs and Si respectively,
where the Hpp reproduces the band structures very well in both the
cases. The blue solid lines in Fig. 4(b) are the ab initio band structure
of GaAs system with SOC effects considered self-consistently. The spin—
orbit split band structure can be clearly observed especially at the I’
point for GaAs in Fig. 4(b), where the splitting at the top of the valence
band is 4 ~ 0.328 eV. By adding the onsite SOC Hamiltonian Hg,. with
the fitting parameters Affa (for Ga) and 4% (for As) to the non-spin
polarized Hamiltonian Hrg, we obtain the spin-full Hamiltonian H that
reproduce the SOC band structure quite well with /1[?“ = 0.157 eV and
A,’}s = 0.209 eV. The corresponding splitting energy at the top of the
valence band from Hamiltonian H is 4 = 0.304 eV, which matches
pretty well with the DFT results.

As for the Si case, the negligibly small SOC effects are usually
ignored when examining its properties. Fig. 4(d) shows the SOC ab
initio band structure where the spin-orbit splitting can be barely seen.
Therefore, we zoom it in the inset Fig. 4(d) to show the splitting energy
A ~ 0.047 eV at the top of the valence band. The SOC strength obtained
from the best fit is 4 = 0.03 eV, which generates the splitting of 4
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(b) and Si (d) cases. The 4 in (b) marks the spin-orbit splitting at I point. The inserts
in (c) and (d) are to show the zoom-in of spin-orbit splitting at I" point of the Si case.

Fermi energy is set to zero.

Table 2

Comparison of SOC strengths (unit eV) estimated for example materials considered in
this work. Wherever possible, we provide three values of SOC strength, namely from
TBSOC, experimental estimation (Expt.) and from a recent theoretical estimation (Calc.).
One can observe from the table that our estimated values are quite close to previously
estimated experimental and theoretical values.

Systems Orb. TBSOC Expt. Calc. [32]
a-RuCl, Ru*-4d° 0.120 0.096 [49] 0.143 (Ru)
Na,IrO; Irt4-54° 0.380 0.378 [59] 0.514 (Ir)
Na,TeCo,Oq Co*2-3d7 0.065 0.015 [50] 0.088 (Co)

Ta*3-542 0.210 - 0.248 (Ta)
TaAs

As~3-4p6 0.180 0.190 (As) [67] 0.251 (As)

Ga*3-p 0.157 0.110 (Ga*!) [67] 0.107 (Ga)
GaAs

As73-p 0.209 0.200 (As*!) [67] 0.251 (As)
Si P 0.030 - 0.030 (Si)

= 0.045 eV and matches quite well with the DFT result. Thus, we
find the SOC strength to be moderate in GaAs but negligibly small
in Si. Application of our method to GaAs and Si cases, in which SOC
strength values significantly differ, again demonstrates the success of
our approach in accurately estimating the SOC interaction strength.

4. Comparison with literature

For comparison purposes, we list the SOC strengths in Table 2
estimated from TBSOC along with experimental estimates and a recent
theoretical estimation for the elements considered as examples in this
work.

5. Conclusion

We have presented a computational framework named TBSOC [36]
to estimate the strength of SOC in solid-state materials. Our methodol-
ogy is based on the combination of ab initio and tight-binding methods.
To show its wider applicability, as case studies, we have considered
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Table A.1

List of all the symbols used in main-text.
H spin-full TB Hamiltonian
Hpg non-spin polarized TB Hamiltonian
Hg,. onsite SOC interaction
ij atom/site indices
a,p atomic orbitals
Tinia onsite elements in Hrpy
Tiajp hopping elements in Hy
¢ angular quantum number
m magnetic quantum number
Y spherical harmonics
X cubic harmonics
J total angular momentum
L orbital momentum
L, z-component orbital operator
L, raising and lowering orbital operators
N spin momentum
S. z-component spin operator
S, raising and lowering spin operators
A spin-orbit coupling strength

transition metal compounds a-RuCl;, Na,TeCo,04 and Na,IrO;, a topo-
logical weyl semi-metal TaAs system and example of two semiconduc-
tors Si and GaAs. We demonstrated the ability of our TBSOC in well
reproducing the self-consistent SOC included ab initio band structures.
This has been done employing a TB model Hyz with the addition of
onsite SOC term H,.. We show that it works well in both cases, ma-
terials with strong and weak SOC interactions, covering a broad range
of materials. We also show that TBSOC works for both local and global
coordinate systems, making its utility smoother for further analysis and
employment in successive model calculations. This simplistic approach
can readily be applied to a wide range of materials.
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Appendix. Table of symbols

Here we list all the important symbols and physical parameters used
in the main text. (See Table A.1.)
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