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Abstract. The spin dependent reflection in quasi-two-dimensional electron gas from an impenetrable barrier
in presence of Rashba and Dresselhaus spin-orbit coupling is analysed in detail. It is shown that the due
to spin-orbit effects the reflected beam split in two beams gives rise to multiple reflection analogous to
phenomenon birefringence. The interplay between Rashba and Dresselhaus spin orbit coupling gives rise to
anisotropy in Fermi energy surface and a non-zero net spin-polarized current oscillating with two frequencies
for all the values of incident angle except at 45° when averaged over all components of reflected beam. It
is also shown that in over critical region,all the three polarization components as well as net polarization
has non-zero values and are exponentially decaying as distance from the barrier increases which in turns
spin-accumulation near the barrier is an important consequence of spin-hall effect.

1 Introduction

The manipulation and coherent control of electronic spin
degree of freedom has emerged as an important area of
research in recent years. It in turn requires the ability
to generate, inject and control spin polarized charge cur-
rent — an example of that is Datta—Das spin-transistor
[1], where a semiconductor is sandwiched between two
Ferromagnetic contacts. The injection and detection of
spin polarized current is achieved by using Ferromagnetic
contacts in which spin is easier to manipulate because it
behaves as a collective degree of freedom. In the semicon-
ductor region, coherent control of spin polarized current
is done using the band structure spin-orbit(SO) coupling,
known as Rashba SO interaction which arises due to
structural inversion asymmetry [2].

In recent years it has been realized that SO coupling can
be used to efficiently generate and detect spin-polarized
current in semiconductor heterostructure without the
Ferromagnetic contacts [3]. The phenomena of spin accu-
mulation at the sample edges due to a bulk spin current
transverse in direction to an applied electric field is called
Spin-Hall effect(SHE) [4]. In finite size sample with SO
coupling when an unpolarized charge currents passes it
generates spin currents(via SO scattering) in transverse
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direction. This can leads to spin accumulation at the lat-
eral edges of the sample. The experimental evidence of
SHE reported in [5-7] were found by measuring the spin
accumulation on the sample edges. However, such mea-
surements are still debatable as a probe for bulk spin
current since the spin accumulation can also be found
even in the absence of bulk current. Apart from these,
many other studies which were focused on spin accumula-
tion due to SHE include both, the experimental [8-10] as
well as the theoretical ones [11-15]. In such systems the
spin accumulation and its relation to bulk spin current
is a complex issue. This complexity can be understood
in terms of following arguments. In a system with strong
SOC, the spin-relaxation lengths are usually larger than
the mean free path, spin accumulation at the edges deter-
mined by spin current coming from the bulk. In contrary
to that, in the quasi-ballistic regime where the mean free
path is much smaller compared to the sample size, it
was shown that there is no relation between the bulk
spin current and the accumulation of spins at the edges
[16-18]. Considering the former case, in finite size sample,
the lateral edges of the sample acts like an impenetra-
ble barrier for particles which carries spin. Therefore the
boundary spin accumulation in such systems is affected
by the elastic scattering of spin polarized carriers from
the sample boundary in presence of SO coupling [19].
More precisely, spin-dependent elastic reflection from an
impenetrable barrier in the presence of SOC depends on
the spin-orientation of particles which in-turn affects the
spin accumulation [20]. Hence spin accumulation at sam-
ple boundary not only depends on the bulk spin current
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but also on the spin-dependent scattering from the lateral
impenetrable barrier. Spin-dependent elastic reflection of
2DEG from an impenetrable barrier in the presence of
Rashba SOC was studied in references [21], where it was
shown to generate spin polarized reflected beam.

The spin-orbit coupling owes its origin to appearance of
inversion symmetry breaking electrical fields whether they
arise intrinsically in the band structure(lack of inversion
center) or by an external confining potential. In the former
case inversion symmetry is broken locally and resulting
SO interaction is known as Dresselhaus spin-orbit cou-
pling [22], while in the later case confining potential leads
to structure inversion asymmetry which breaks inversion
symmetry globally and leads to appearance of Rashba
spin-orbit coupling [2]. Thus the SHE arises from extrinsic
factor like the properties of impurities can be described by
a Dresselhaus like term while SHE arising from intrinsic
effect related to SOC in a perfect crystal can be described
by a Rashba like term.

Beside these two, another type of SOC arises due to
presence of heavy impurity known as Impurity induced
SOC. In low-dimensional nanosystem all these different
type of SO couplings may be present simultaneously and
compete with each other. Among all these Rashba SOC is
more important because of its tunability via external gate
voltage,while Dresselhaus and impurity induced SOC is
fixed and determined by the material properties,crystal
structure and impurity type and concentration respec-
tively. Rashba and Dresselhaus SOC are also known as
intrinsic SOC because of their origin in the band structure
while impurity induced SOC is known as extrinsic SOC.
Although both Rashba and Dresselhaus SOC are linear
in momentum, however, there is an important difference,
i.e., the Rashba coupling is isotropic while Dresselhaus
coupling is anisotropic, i.e., depends on the orientation
of crystal. This is so because the Rashba coupling is
determined by globally inversion asymmetry and is inde-
pendent of crystal structure while Dresselhaus crucially
depends on the crystal structure as it originates due to
local inversion asymmetry. The simultaneous presence of
both Rashba and Dresselhaus couplings together with the
tunability of Rashba SOC allows greater control over spin
polarized transport [23] which in turn gives rise to many
interesting and novel phenomena such as, ballistic spin
field effect transistor, persistent spin helix [24] and spin
edge helices [25] etc.

In view of this, we present a detailed study of spin
dependent scattering of a ballistic incoming electron beam
in confined geometry in presence of both Rashba an
Dresselhaus SO coupling . The anisotropic nature of Dres-
selhaus SO coupling leads to an anisotropic Fermi energy.
This anisotropy in conjugation with the tunability of
Rashba coupling affects the spin dependent double refrac-
tion as well spin accumulation in a nontrivial way as
we will see later. It is also shown that even if we take
unpolarized incoming beam, the net polarization is com-
ing out to be non-zero. In the over critical region all
the three component of spin polarization are present and
are exponentially decaying as distance from the barrier
increases.
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2 Model and anisotropic Fermi surface

The model Hamiltonian including both Rashba and
Dresselhaus coupling has the form,

27,2
Hozhk
2m*

+ a(ogky — oyky) + Bloyky — ouks), (1)

where k = (kg, ky,0) is the 2 in-plane wave vector and
m* is effective mass. The second and third term in
equation (1) are Rashba and Dresselhaus SOC with o and
[ as coupling coeflicients respectively. The spin split eigen

function and dispersion is
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where ¢j being the polar angle of in plane momen-
tum k = (k cos ¢, ksin ¢ ). The spinor phase is given by
0, = Arglp(a, B, ¢r)] and A = £1 defines the chirality of
the eigenfunctions. The Fermi wave vectors for a fixed
energy(EF) are

by = (VEREr + P = )

where Ep = E; (ki) = E_(k_).

The spin split dispersion given by equation (3) is shown
in Figure 1 for various values of a and 3 In the disper-
sion curves shown above, the first corresponds (panel a)
to the simple Rashba system (8 =0) and the rest three
figures corresponds to the three different cases, namely
for o« = B, a > B, a < f respectively. The qualitative plot
shows the asymmetric Fermi energy surfaces in the k,—k,
plane. Note that when o= (Fig. 1b) the curves touch
each other along particular direction in k-space. This
implies that for waves propagating along this direction
spin splitting vanishes, and as a consequence precession
induced spin dephasing ceases to act. This property was
used in the non-ballistic spin field effect transistor pro-
posed by Schliemann et al. [26]. For o # § (Figs. lc
and 1d), the two Fermi surface becomes anisotropic in k,—
ky plane. Therefore simultaneous presence of both Rashba
and Dresselhaus spin orbit coupling provides a much bet-
ter control over the spin splitting and we will see later that
this leads to interesting phenomena for spin dependent
elastic reflection from impenetrable barriers.
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Fig. 1. (a—d) Illustrating the dispersion curves for various val-
ues of o and B. (a) Corresponds to « = 1 and 8 = 0.0, for
remaining (b—d) these parameters are shown in the figure itself.
The two circles shows the constant energy contours in (kz, ky)
plane for the two chiral branches Ex. Depending upon rela-
tive magnitude a/f3, these circles can cross each other (b) or
become anisotropic as in (c).
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Fig. 2. Figure showing the ordinary and extra-ordinary
reflection. The solid lines correspond to ordinary reflected
wave while dashed lines are used to show the extra-ordinary
reflection. Here /5 = 0.25.

2.1 Elastic spin dependent scattering from
impenetrable barrier

We consider two dimensional system in xy plane with an
impenetrable barrier V(x) along & axis,which is described
by the Hamiltonian,

H = Hy+V(z), (6)
where Hy is defined in equation (1). We assume that

V(z)=0for z <0and V(x)= oo for x >0 and along § axis
systems is free. Consider an electron beam with chirality
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A and wave vector k) incident on impenetrable barrier at
an angle ¢g. It is reflected elastically from the barrier and
due to splitting of dispersion curves this processes gener-
ates two reflected waves, namely, ordinary reflected wave
and extraordinary reflected wave. For ordinary reflec-
tion, energy as well momentum both are conserved while
for extraordinary wave only energy is conserved. This is
shown schematically in Figure 2. The wave vectors for
incident, ordinarily (momentum preserving) and extraordi-
nary reflected waves are with &, k' and k; * respectively.
The most general scattering wave function for this system
is the linear combination of these three and can be written
as,following reference [21],

Z‘k)\.'r . . .
A exp”™0 (jae~ %0 — pBeito
Vi (r) = NS A

2Ap P

Ai\ eXpiklA'r (iae_w? _ Beigﬁi‘)
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+ 4A2_)\ exphs " <iae_i"52A - ﬁem;) .
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Translational invariance parallel to the barrier at x =0
implies that y-component of crystal momentum is con-
served, hence,

k, = k' sin ¢g = k7 sin ¢y = kg * sin ¢y * (7)

from which one obtains the angle of reflection for ordi-
nary (¢1) and extraordinary beams (¢3) as,

$1=7— o (8)
¢2_’\ = 7 — arcsin <Z+/\ sin ¢0) . (9)

In general ¢; and ¢, are different, implying that a single
incident wave with a particularly chirality generate waves
of both chirality as is shown in Figure 2. The ordinary
reflected wave is always propagating while the extraordi-
nary wave may be propagating or evanescent depending
on whether ¢;* is real or imaginary. Since k_ > ki, ¢5
has always a real value for 0 < ¢y < 5 but in case of
(b; a real solution exits only for ¢. after which this angle
becomes complex, where

. kg
¢. = arcsin <k‘>

The splitting angle i.e. the angular difference between the
two reflected beam is

(10)

\2uE 2\
€_) = ¢ — arcsin ( HE + 1l d sin ¢O>- (11)
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The angle e_ and e_ have their largest value given by

(12)

e
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obtained at 5 and ¢. respectively. The splitting angle €_
is positive while € is negative From the conservation of

k;‘, it can be seen that the k2, and k5 become functions

of ¢1 and ¢, A respectively. When ¢¢ > ¢, k:;r becomes
imaginary and leads to exponentially decaying current. At
the interface, the wave function must be continuous which
yields the conditions

ay = (e et 45 gy
14 ete-x tae -2 — Be—2Zio

er (1 4 e—mo) {mezwo — Be2ito }
2= — .

1+ e—%-x tae2iPo — Beie-x

(14)

Using the above equation it is straight forward to obtain

A A
ordinary (R = ’3—;) and extraordinary (Ry_) = f‘—;)
reflection coefficients,

Ry = (Sin2 (621:%))

COS 2

a? + %2 4+ 2afBsine_y 15
{042 + B2 — 2afsin (e_y — 2¢0)} (1)

R _ cos? ¢g a? + 32
ATAT <0082 62*) {a2 + 2 —2afsin (e—x — 2¢0) } '
(16)

In the above expressions (13)—(16), the terms in curly
brackets reduces to one for 5 = 0 which agrees with the
previous result of reference [21]. In general the dependence
on «, [ is more complicated as is clear from the above
expressions. To obtain insight and compare it with the
simple Rashba system we plot reflection coefficient as a
function of incident angles in Figure 3 for the three dif-
ferent cases i.e. a > 8, o < B, a = . From Figure 3 we
notice that when the strength of Rashba and Dresselhaus
SOC are different, the four reflection coefficients are never
equal at any incident angle. This is consistent with the
anisotropic Fermi contours in Figures 1c and 1d. For o =
at 45° all four reflection coefficients become equal since
at this point the two Fermi contours cross each other.
The is again reflected in the splitting angle which is plot-
ted in Figure 4, again the splitting vanishes for « = g at
45° and for all other cases it never vanishes. We stress
that this vanishing of splitting angle or crossing of Fermi
contours happens only if both Rashba and Dresselhaus
couplings are present and of equal strength. If only Rashba
or only Dressehaus coupling is present then this will not
be the case. This implies that at a particular angle of
incident the reflection from impenetrable barrier would
not produce spin polarization only for o = § case and in
this atypical case only the boundary spin accumulation
will be fully determined by the bulk spin currents. How-
ever in quasi one dimensional systems (finite transverse
width) since the electrons will be approaching boundary
from all possible incident angles, therefore the bound-
ary spin accumulation in general will be determined by
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Fig. 3. Reflection coefficient Ry for the three different (« > 3,
a=p, a <) cases for R and D system as a function of
incident angle is shown.
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Fig. 4. Total splitting angle as a function of incident angle
is shown. It is shown that at 45° when « = 3, then the
polarization is completely vanishes.

both bulk spin current as well by the reflection from
the boundary.
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3 Velocity and current

We calculate the expression for the velocity Operator from
the Hamiltonian (1) and is given by:

v = % {,uk + (jam - %oy) -B (%aw —jay)] . (1N

While considering the real angles ¢ the magnitude v of
the velocity:

1
vz(v)zﬁ[uk,\—&—)\(a—ﬁ)]. (18)
We see here that for real angles the velocity is same for
all the beams but the velocity will be slightly higher for
the complex angle (;53' . We do not here give the lengthy
expression. Also the probability current calculation gives:

1

J=0) = 5 [nRe (@WlkR) + a ((ljos —ioyv))]

2 [ ({wlio = jolo))].

As expected, j, = 0 for an impenetrable barrier in both
the cases of incoming and reflected beam while j,, for the
region in which both the components of beam are present,
oscillates as a function of distance from the barrier. It
can be realized by considering the interference terms of
the three components of the wave function. For the real
angles, we get

(19)
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In over-critical region i.e. for the complex angle ¢3:

2 cos?
Iy = |Aof? (‘b‘))

COS €max

a2+62
* (a2 + 82 —2afsin (e_y — 2¢0))

v ezk;zv;

(23)
the current decays exponentially as the distance |z
increases from the barrier.

Figure 5 shows the net polarization (which is the
addition of polarization of ordinary and extra-ordinary
reflected beams) at different Rashba and Dresselhaus SOC
strength, against the incident angle. The plot at different
SOC strength is shown from which it is clear that net
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Fig. 5. Plot shows the net polarization of reflected beams
against the incident angle at different values of a and 3. Here
interference terms are absent.
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Fig. 6. Plot for the net polarization of the beam incident
at the angle %. Here the interference terms are taken into

-
consideration.

Polarization is non-zero at all the values of incident angle
except at 45°.

We calculate the net polarization which is plotted
against the distance r from the barrier which is shown
in Figure 6. In this plot, value of Rashba SOC strength
a is taken to be equal to the Dresselhaus SOC strength
(5. The contribution to this polarization is because of the
two terms. In the first is term we have individually calcu-
lated and then added up the polarization for the incident,
ordinarily and extraordinarily reflected beam. In the sec-
ond term, polarization is calculated for the interference
terms of these three components of the beam.The value
of net polarization is always non-zero at all the values of
the incident angle except at 45° and oscillates with two
different frequencies.

In Figure 7, for the over-critical region it is clearly
shown that all the three components of polarization of
extraordinary reflected beam will be present irrespective
of the three cases of SOC strengths i.e. a < 8, a > 5 and
«a = (. Also in this region the net polarization always has
non-zero values. All the three components of polarization
as well as the net polarization will exponentially decay as
the distance from the barrier increases. This is shown in
Figure 8.

This non-propagating non-zero polarization gives rise
to spin-accumulation near the barrier which is clearly an
important consequence of spin-dependent elastic reflection
from a impenetrable barrier in the presence of R and D
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Fig. 7. Different components of polarization with non-zero net
polarization of extraordinary reflected beam in over critical
region is plotted against incident angle ¢o for the different
values of « and 3. P, P, P. are the z, y and z component of
polarization. P is the net polarization.
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Fig. 8. Plot for the net polarization of the non-propagating
component in the over critical region for the three different
cases of o and (. Here the angle of incidence is 75° and r = =2
is the SOC range where d =5x10"* unit.

SOC. So it is clear that spin-accumulation near the bar-
rier is a typical phenomena in which spin-accumulation
near the barrier will not only depend upon the bulk
spin-current but also on the spin-dependent scattering
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from the lateral impenetrable barrier which can be think
of the lateral edges of the sample.

4 Conclusion

In conclusion, present work shows that the spin-
orientation of the electrons changes because of the spin-
dependent reflection from an impenetrable barrier in the
presence Rashba and Dresselhaus SOC. It gives rise to
a new mechanism of multiple reflection analogous to the
birefringence phenomena. Also an important feature of
anisotropy in the Fermi energy surface come into appear-
ance because of this reflection. We also observed that
increase in the value of Dresselhaus SOC strength 8 gives
increases the anisotropy in the system. In this case a
non-zero spin-polarized current is observed for all inci-
dent angle between 0 and § except at angle of 45° which
is clearly an another important feature of Rashba and
Dresselhaus SOC interplay. Also it is shown that in the
over-critical region,there is some spin-accumulation near
the barrier is also affected by scattering of the bulk spin-
current from the lateral edges of the sample which in turns
affect the spin-accumulation as in the case of spin-hall
effect.
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